This paper discusses several complex systems in the perspective of fractional dynamics. For prototype systems are considered the cases of deoxyribonucleic acid decoding, financial evolution, earthquakes events, global warming trend, and musical rhythms. The application of the Fourier transform and of the power law trendlines leads to an assertive representation of the dynamics and to a simple comparison of their characteristics. Moreover, the gallery of different systems, both natural and man made, demonstrates the richness of phenomena that can be described and studied with the tools of fractional calculus.
Introduction
Fractional calculus (FC) generalizes the integrals and derivatives to a non-integer order, see some basics of this theory in [31] , [37] , [28] , [34] , [19] , [20] , [7] , etc. During the last decade the FC was found to play a fundamental role in the modeling of a considerable number of phenomena, as illustrated for example in: [32] , [16] , [45] , [22] , [36] , [24] , [29] , [40] ; and emerged as an important tool for the study of dynamical systems where classical methods c 2011 Diogenes Co., Sofia pp. 635-654 , DOI: 10.2478/s13540-011-0037-1 reveal strong limitations. As a consequence, nowadays the application of the FC concepts encompasses a wide spectrum of studies, see e.g. [3] , [21] , [38] , [2] , [17] [23] , but, due to the fast progress, researchers are focusing in more and more specialized fields. Nevertheless, from a holistic point of view there is a lack of a broader vision, integrating the synergies of the individual contributions and motivating the FC community towards the new scientific challenges.
The aim of this paper is to present several fractional-order dynamical systems, both natural and man maid, that do not fit the "catalogue order" of applications that somehow is being defined in FC. Establishing an analogy with the natural evolution and the crossover and mutation schemes, the role of this contribution is to be provocative, that is, to introduce a "mutation perturbation" avoiding the premature convergence of the evolutionary process towards a restricted set of FC applications. The frontiers of FC are those of the mankind and we have a plethora of fractional phenomena in the world we live in! In these lines of thoughts, this manuscript addresses the fractional characteristics of the deoxyribonucleic acid (DNA) code, financial market evolution, earthquake dynamics, global warming and musical compositions. The paper is organized as follows. Section 2 presents the main concepts, formulates the framework of the analysis in the perspective of FC, and presents the set of signals and systems that support this scientific derangement. Section 3 develops a global mapping of fractional dynamics that takes advantage of the synergies of the distinct systems. Finally, Section 4 outlines the main conclusions.
On the fractional dynamics
The standard approach for modeling the natural and artificial phenomena is to adopt the tools of mathematics and, in particular, the classical integral and differential calculus. The generalization promoted by the FC leads directly to fractional dynamical models, but the fact is that neither their limits of application, nor the methods and tools for capturing them, seem to be well defined at the present stage of scientific knowledge. In this perspective, several complex systems that react to stimuli are studied in the sequel, being the responses signals analysed by means of the Fourier transform. Therefore, no initial mathematical modeling assumptions bias the processing in order to prevent, from inception, any improper effect that might pervade the rest of the numerical treatment. The methodology is to obtain, for each case, a representative signal as a manifestation of the system dynamics, to process it with Fourier transform and, given the characteristics of the resulting spectrum, to approximate its amplitude by a power function. In analytical terms, for a signal x (t), evolving in the time domain t, we have:
where F represents the Fourier operator, ω is the frequency, i = √ −1, and a > 0 and b are parameters of the power law to be determined by a least square fit procedure.
The observation of the Fourier spectra and the values obtained for the parameter b for several phenomena will be the focus of the next sub-sections.
Deoxyribonucleic acid code (DNA)
DNA ([8]) is made up of two polymers forming a double helix ( [33] ) and containing four nitrogenous bases, namely, thymine, cytosine, adenine, and guanine, usually represented as "T", "C", "A", and "G". Each base on one side bonds with just one type of base on the other side forming the "base pairing" A-T and C-G. For example, in the case of the human being each cell holds twenty-three pairs of separate DNA -protein complexes (chromosomes), each containing, on average, 160 million nucleotide pairs. This massive amount of information is being collected during the last years and is available for scientific research.
It is believed that DNA also includes several levels of information such as the history of evolution of the species up to the present state, or instructions for the behaviour of each individual during its lifetime. These distinct scales reveal that we are in the presence of a complex code and that tools usual in the study of dynamical systems may be helpful in this endeavour.
For processing the DNA information, we need to convert the four alphabet symbols {T,C,A,G} into a numerical value. In fact, the available data includes a fifth symbol, represented by "N", which is considered by the DNA researchers to have no practical meaning for the decoding and, therefore, "N" is considered as "zero" during the calculations. In this paper is adopted the direct symbol translation A = 1 + i0, C = −1 + i0, T = 0 + i, G = 0 − i, N = 0 + i0. Note that the proposed translation follows the "base pairing" leading to A = −C, T = −G and A "orthogonal" to T .
The second step is to consider that we move along the DNA strip, one symbol (base) at a time, and that the resulting values form a "signal" x(t) being t denoted loosely as the "time". The final step of treatment consists of evaluating the characteristics of x(t) in the viewpoint of signal processing tools, see [43] , [9] , [47] , [1] , [18] . Figure 2 .1 depicts the amplitude and the power law approximation for the human chromosome X ( [42] ). We verify that the spectrum has a clear power law behaviour and the fractional value of parameter b, namely b = −0.251. The same methodology applied to other chromosomes and species leads to parameters a and b representative of the information encoding for each case. 
Financial market evolutions
The economical indices measure the performance of segments of the stock market and are normally used to benchmark the performance of stock portfolios. The charts of financial and economical indices reveal a recursive nature and were addressed in [38] , [26] and [15] .
The Dow Jones Industrial Average (DJIA, [10]), also referred to as the Dow Jones, is among the most closely watched benchmark indices tracking targeted stock market activity. The DJIA performance is influenced not only by corporate and economic reports, but also by political events and natural disasters that can lead to economic perturbations. The components of the DJIA have changed in its 114 year history, but when companies are replaced, the scale factor used to calculate the index is adjusted so that the value of the average remains the same.
In this sub-section we study the Dow Jones stock market ( [11] ), and the data consist of daily close values from 1 October 1928, up to 31 March 2011, to be denoted as x(t). Since the available data has several gaps due to weekends, holidays, and periods of time such as the 11th of September, for the sake of completeness, a new series is generated, filling the gaps with linear interpolations between the neighbour values. Several experiments demonstrated that the resulting charts have minor modifications, but even so we have now a uniform sampling of one day and data seven days per week. Figure 2 .2 depicts the DJIA times series where we can observe the fractal like behaviour that, somehow, leads us to 'suspect' that some fractional dynamics is embedded in the process. Figure 2 .3 shows the corresponding Fourier amplitude and the power law approximation. Again, we observe the power law behaviour of the spectrum and the value b = −1.009. 
Earthquake dynamics
The earthquakes are the result of a sudden release of energy in the Earth's crust that creates seismic waves. The phenomena are caused mostly by rupture of geological faults, but also by other events such as volcanic activity, or even by non-natural events such as nuclear explosions. An earthquake's point of initial rupture is called its 'hypocenter' and the 'epicenter' is the point at ground level directly above it. The present day scale for measuring the earthquake magnitude was developed in the seventies to succeed the Richter scale established in 1935. The two measures are different, but the new scale retains the familiar magnitude values defined by the older one. An earthquake with magnitude three or lower is almost imperceptible, but, on the other hand, magnitude seven or higher may cause severe damage over large areas. The Richter magnitude of an earthquake is determined from the logarithm (in base ten) of the amplitude of waves recorded by seismographs. Identifying potential hazards ahead of time and advance planning is an important scientific and economical issue. There is presently information about earthquake history that is available for scientific processing and analysis. These events have undoubtedly a fractal and recursive nature that put them as natural candidates for revealing some kind of fractional dynamics.
In this sub-section we study the seismic activity in the range of latitude 25 degree (minimum) to 48 degree (maximum) and longitude −110 degree (minimum) to −65 degree (maximum). The data addresses the time period from 1627 up to 1985, while considering a minimum magnitude cutoff of 3.0. Each earthquake is modeled as a Dirac impulse x(t) = 10 kR δ(t − t 0 ), where t 0 denotes the time of occurrence, R represents the magnitude in the Richter scale and k is a scale factor for avoiding the numerical overflow of the calculations. It should be mentioned, that although in a slightly different perspective, namely rheology of the earth, Caputo [5] introduced a variant of the fractional derivative (named often after his name) to analyse the attenuation of seismic waves to fit data of the quality factor Q related to dissipation of energy. While this study addressed the attenuation of seismic waves, with a Q almost independent of frequency, and not the recursive nature of earthquakes, it is interesting to note the application of FC at different modeling levels, see for example the recent papers by Mainardi and Gorenflo [27] , Mainardi and Spada [25] and the book by Mainardi [24] . 
Global warming
The Earth is warming and it seems that human activity and solar effects are probable causes ([13] ). Some impacts such as the record of high temperatures, the melting glaciers and severe flooding are becoming increasingly common across the countries and around the world. Aside from the effect on temperature, warming leads to the modification of wind patterns, the development of humidity and the alteration of the rates of precipitation. These phenomena are being the subject of intensive research due to major impact on social, economical and health aspects of the human life.
In this section we analyse some data available at the Goddard Institute for Space Studies [14] . It is chosen the data record of the average temperatures per month of Lisbon from January 1881 up to March 2011. Figure 2 .6 depicts the time evolution of the temperature where are visible three processes, namely: (i) an annual periodic variation, (ii) a continuous, almost linear, temperature increase and (iii) a 'random' temperature variation that may be the symptom of a fractional dynamical behaviour. Some occasional gaps of one day in the data (represented on the original data by the value 999.9) are substituted by a linear interpolation between the two adjacent values. Moreover, although of minor influence, the distinct number of days of each month and the leap years were also taken into account. Figure 2 .7 depicts the amplitude of the Fourier transform with a peak at the frequency ω = 1.99 · 10 −7 corresponding to a periodicity of one year. At low frequencies (Figure 2.8) it is visible that the spectrum can be approximated by a power law leading to a fractional value of parameter b = −0.870. 
Musical rhythms
Philosophers, music composers, and mathematicians have worked to discover mathematical relations that explain the process of music creation. Although it seems not possible to find an 'equation' that models a given music, it is true that there are certain dynamical structures that originate the impact in the human listener.
In this study a musical work is a time sequenced digital data stream, representing the time sampling of the original musical analogue source, see [42] . The original data stream results from sampling at 44 kHz and is subsequently converted to a single (mono) digital data time series x(t), each sample being a 32-bit signed floating value. The Fourier spectrum reveals that they have characteristics close to those encountered in fractional systems. For example, Figure 2 .9 depicts the amplitude versus frequency of the Bee Gees composition entitled "Saturday Night Fever" ( [39] ). Applying the power law trendline approximation, we obtain a good fit and the noninteger value of b = −0.786. 
Is there a map for fractional dynamical systems?
We applied a common analysis tool to the signals generated by five types of complex systems. These systems are completely different, some natural and some man made, but all share the property of embedding some type of memory. While no simple modeling tool is available for capturing the 'memory', or even no a priori proof exists, it is intuitive that the five phenomena must share that characteristic to some degree of extend. One can argue that the adopted approach is quite simplistic and characterizes only a small part of the fractional order systems. Nevertheless, the signal analysis by means of Fourier transform and the spectrum approximation by power law trendline are simple and solid, tools that capture the fractional dynamics.
Bearing these ideas in mind, we decided to analyse several signals and systems. For statistical purposes for each phenomenon several signals were considered. Therefore, our global map includes: In order to reduce the effect of bias points and the different magnitudes and units, all signals were 'normalized' prior to calculating the Fourier transform. For that purpose, based in the initial signal x(t) were calculated the average and root mean squared values, x av (t) and x rms (t), within the time windows. The normalized signal is then given by x (t) = [x(t) − x av (t)]/x rms (t). Figure 3 .1 shows a map of the Fourier spectrum and power law approximation for the first case of each category. We must note that the high and low frequency ranges of each one are the results of instrumentation limitations. In one hand, for smaller signal sampling periods we would get higher frequencies in the Fourier domain. On the other hand, for time records with longer length we would reach smaller frequencies of the Fourier spectrum. Therefore, we must consider at different levels the technological and the dynamical aspects. Two remarks for the DNA code and the lung admittance. First, in the DNA case, we may have different results for other decoding schemes and different bandwidths when using other values in the pseudo-time. Second, in the lung frequency response, the plot that reveals a very low noise content. This is due to the fact that the measurements were performed directly in the frequency domain by injecting pure sinusoidal signals. Figure 3 .2 shows a map of the power law parameters for all cases, that is a map of a versus b for the ten chromosomes, ten financial indices, ten musical compositions, six lung pneumatic admittances, and ten electroencephalograms.
We observe that each category draws a line in the (a, b) space. Moreover, some categories seem to flow in an opposite direction. Is there some hidden meaning? Many other questions now emerge namely about the 'noise', the memory effect, the correlation between a and b and the frequency range in case of no instrumentation limitations, the position in the (a, b) space of the type of category, and many more.
In conclusion, we ended with more questions than those we started with! Map of power law trendline approximations based on the parameter a versus b for the ten chromosomes, ten financial indices, ten musical compositions, six lung pneumatic admittances, and ten electroencephalograms
Conclusions
In this paper several uncommon phenomena were explored under the light of FC. The signals represented by the DNA, financial indices, earthquake impulses, temperature evolution, and musical compositions, were studied with Fourier transform and power law approximations. While other mathematical tools could be adopted, the methodology leads to simple and consistent results that demonstrate clearly the fractional behaviour representative of memory properties. At a different level, the paper intends to 'perturb' researchers to extend the spectrum of applications of FC and to motivate towards new working directions. Shortly, one may say, "What a fractional wonderful world"!
